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A study is made of the anharmonic  t e r m s  with a quadrat ic  t e m p e r a t u r e  dependence which 
appear  in the speci f ic  heat and t h e r m a l  expansion of c ry s t a l s  at  high t e m p e r a t u r e s .  

In studying t he rmophys i ca l  p rope r t i e s  of solids such as the specif ic  heat  and the t e m p e r a t u r e  coeff icient  
of l inear  expansion (TCLE),  i t  is n e c e s s a r y  to take into account  anharmonic  t e rms  in the f r e e  energy.  T h i s .  
p rob l em was f i r s t  cons idered  in [1, 2] and also in [3], where  a s im i l a r  calculat ion was made for  the t e r m s  ff~ 
and 4, 4 leading to a l inear  t e m p e r a t u r e  dependence of the specif ic  heat. At t e m p e r a t u r e s  comparab le  with the 
mel t ing point (T_>ffaTmel0 , it is  n e c e s s a r y  to take into account  anharmonic  t e r m s  of higher o rder .  

The p r e s e n t  work cons ide r s  contr ibut ions to the specif ic  heat and TCLE that  depend quadra t ica l ly  on the 
t e m p e r a t u r e .  

The Hamil tonian  of a s y s t e m  of anharmonic  osc i l l a to r s  is wri t ten in the f o r m  

H = H o + g W ,  W = r -b O4 q- O5 q- r (1) 

The s ta t i s t i ca l  sum for the c r y s t a l  is 

Z = ~ [W:, exp ( ~H o -  ~gW) W~]. (2) 

The method used for  the expansion of Z in t e r m s  of per tu rba t ions  is that proposed in [4, 5]. Since W is 
p ropor t iona l  to the number  of pa r t i c les  N, it is expedient  to expand In Z in powers  of W, where 

~ 1 O k 
In Z (g) = In Z (0) ~- ~ ~ (ln Z)log k. (3) 

k = l  

The calculat ion is in accordance  with per tu rba t ion  the_~ory. In__the f i r s t  o rde r  the t e r m s  r and ~ give a nonzero 
eontr_..~bution to the f ree  energy;  i n t h e  seco__nd o rde r ,  ~ and 4,2 a r e  the s ignif icant  t e r m s ;  in the third o rde r ,  
~ "  ~4; and in the fourth o rde r ,  (~2)2 and ~ .  According to [61, the contr ibution due to ~4 is 

k k "  

1 Z (I)~x-- e (o), T) e ((o', T), (4) 
e ( ~ )  = ~ - 8 ~ s  ~ '~  

kk"  

where  

( 1) 1 
e(o), T )=h 'o)  -n -q- --~ ; n -= exp (h 'o / kT)  1 

The quas iharmonic  mean ~ is a lso  eas i ly  calculated,  although the computat ions a re  slightly m o r e  cumber some .  
For  r by definition 

kv 
1 . 1 ~k...kv~ .C~v(b~--b~ ~)• • b~v), Ck V ~ k ) .  ~5) 

Ce = 6--~. (SN) - - - - Z  w~.. .~v ~k . . . . . .  
kk,k*k,,,klVkV 

The c rea t ion  and annihilation o p e r a t o r s  conform to the permuta t ion  rule  

ibm, bx.+--k']_ ~kk'~,X', [b~, k" (6) --  bx,]_ ---- [b~ +k, b~+'k']_ = 0. 

Nonzero contr ibutions to the mean  ~"~ a re  made by t e r m s  with an equal  number  of c rea t ion  and annihilation 
ope ra to r s .  Hence it  is n e c e s s a r y  to consider  the t r i ad-equa l i ty  conditions for the six indices k, k ' ,  k",  k m, k IV 
and k V. 
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If al l  the c rea t ion  ope ra to r s  in Eq. (5) a re  wr i t ten  in f ront  of the annihi lat ion ope ra to r s ,  the resu l t ,  taking 
into account  Eq. (6), is 15 t r i ad -equa l i ty  condit ions for  the indices ( k = - k  ~, k ' = - k  IV,  k " = - k  V, etc.) 

The contr ibut ions  a r e  of the f o r m  

( n +  1)(n' + 1 ) ~ " +  1); nn'n"; ( n +  1)~t'n"; n (n - '+  1)(n" + 1); 

n (n' + 1) n"; (n + l)n' (n" + 1); nn' (n" + 1); (~z + 1)~' -{- 1) 7~". 

Summing the contr ibut ions (taking into account  the t r iad  permuta t ions  of  the indices) gives 

15 (2n+  1)(2n' + 1)(2n" + 1). 

The final r e s u l t  is of the f o r m  
1 1 ~ , ~ 6 k k '  k" 

F (~.) = ~n 48 (SN) z a .~ ,,~2<,) z.r 
k k ' k "  - -  - -  - -  
s163 

Now cons ider  s e c o n d - o r d e r  per tu rba t ion  theory .  For  @a z [6] 

I~z~.'v" I 3%ge" + %CoCo + . . . . .  , F ((I)  2) i - k k ' k "  2 . . . .  " . . . .  

48SN (r ~ % + eo + eo 3 e o "- eo - - s o  k k ' k "  
) , & ' k "  

where  ~ = ~ ( w ,  T); ~ ' = ~ ( w ' ,  T); ~ :"=~(w",  T); ~:0=h'~/2; ~ :~=b~ ' /2 ;  ~:o =h 'w"/2 .  

Using Eqs. (3) and (4) it is possible to obtain the result 

'4JX~,___~" gS '  . 

2kT 64 (SN) z . ~o~o 'a 

On the basis  of Eqs.  (2) and (3) the contr ibut ion due to ~2 may  be wr i t ten  in the f o r m  

F (o-~)- ~ ~ ]  [~z (o) I%,,,,I ~ x 
tztn 

• exp [[$ (E,~ - -  E~)]  - -  1 - -  [~ ( E , -  E~)  exp ( - -  [~E,,.), 
(E,~ - -  Era) ~ 

where  

Then, f r o m  Eqs.  (10) and (11) 

a ~ ? 6  

h' 20~a~8 

%'~v~ =-- 96SN ]/  oJ~,o~#v % . 

B~v~ ~ b~b~bvb ~ --4b+_~b~bvb~ ~-, 3bZ(z+ b+_~bvb~ + 

-k 6b+-~b~6.~, _~ 7 6b +-~b+~&e,-~; 

~ -  ; [~----- X' ; y--= ; 8 - -  s  �9 
s ,,s 

F (W-~) = 1 1 Z (I) kk'k'k''' 2 _ _  _ _  , M ~ ' s  

' 3 8 4  ( S-N)2 k k ' k " k " "  (O)(O,(D%),,,) 2 X 

~A. " ~ " s  

[ 4%e'g'e'" + 4eeoeoe;" [ - -  3%e0eoe;'" + 3so'erie" 
. . . . . .  - - 4  7 = 

_] s } + 3 (  2e~ ee'et'-2e~ 7 ; ;  

s o + c o + c o  - - %  . C o + C o  - - ~ o - - e o  

ht2 kk~k  ( ~ k k ' k " - - k "  2 3 ,~ . 'M '3 , "  

128 (SN) a . . (mo)'m") z 

X [ 2ee; -+- deo--eeo ] 
�9 T - 

gO " ~  SO eO - - S O  

+ 

m .  X 

(7) 

(8) 

(9) 

(~o) 

(11) 

(12) 
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In the th i rd  o r d e r ,  Eqs.  (4) and (8) give 

F ( @ ~ )  1 1 X ' ~  ( I )4kk '  (I) kk'k" 2 
-- x.J ' ~ 1  ~,~'~,'~f • (13) 

k T  384 (SN)2  kk" ~ , z  kk~,k. ~CO 2O 
~X" ~ ' ~  

• [ 3e~ + e~176176 ~o-J- eo --t- eo + 3 2e~176176176 
~o + ~o -- ~o J 

The f o u r t h - o r d e r  contr ibut ions a r e  

F[(o-~)~]  = 1 [e(~)l~, (14) 

k k ' k "  4 - l 

_ _  1 ~ I~,~,'~.H I.[16.(e o F (~)  = -- 48 (SN)-------~ ~-~ ~ + ~ + ~), X (15) 
k k , k  ~ - - ( D  O) 
~,~.'~." 

• [(eo + % + eo ~= kT)(e + eo) z (d + %)z (e- + 8o)z_ 

- (~o + % + G - ~ 3  (~ - eo) ~ (~' - %)~ (8" - %)~] + 

a ~;), [ (%_ g - g + ~T) (~ + ~or (~' - -  8g)~ x 
+ 16(%--eo- -  

X ( C  - -  %)2 __ (e ~ __  eo - -  eo - -  k T )  (~ - -  eo)Z(e ' + eo) g (C + eo) ~] + . . .}. 

The f r ee  energy  can be wri t ten  in the f o r m  

F =-- - - -1  in Z --~ - -  k T  In Z = Fharm+ F (~ )  + 

I | , �9 ~ - f  (@~) + F (@6)+ F (aP~) ~ . . + F (0~). (16) 

The third and fourth t e r m s  in Eq. (16) a r e  l inear  functions of t e m p e r a t u r e  (at high t empera tu re )  and the sub-  
sequent  t e r m s  give quadrat ic  contr ibut ions to the specif ic  hea t  and TC LE. The t e r m s  F(@ o) and F ( ~ )  make the 
main  contr ibutions.  In the l imit ing case  of high t e m p e r a t u r e s  (~ = kT), the quadrat ic  contribution to the specif ic  
hea t  is 

T O~F k3TZ l 1  ~ , .v ,6kk 'k"  1 kk'k~k"" 
C~ ~) _ ~' ,  "~x~'~'----s + �9 (17) 

a T  z ( S N )  z \ 8  kk'k"~ --"~2f"~'21C"2-- -- " 8  kk~k, JlJk,,, (O.~tfa~h'fa~ ' ")2J 
~ ' ~ , "  ~ "~"M'  ' 

The re la t ional  p a r a m e t e r s  a r e  [7] 
�9 mnpr 

1 Z ~ 

ifkl 

;J' e ~ - R . + k  .Ro)}; • e ~ ( k ' ,  ). z ( k ' " , ) / " ) . e x p { i ( k ,  . R ' n + k ' . R n + k  p . . . .  

(i)6kk" k"  ~ k - - k k ' - - k "  k ' - - k "  (18) X~,'~," ~ ~ X ~ . ' X ' ~ " ~ "  

The sum over  the wave v e c t o r s  may  be calculated approx imate ly  using a pa r t i cu la r  model of the forces  acting 
in the c ry s t a l  (cent ra l  fo rces ,  for  example ,  or  nea re s t -ne ighbor  interact ions) .  

To e s t ima te  the o r d e r  of  magnitude of the r e su l t s ,  cons ider  a l inear  chain with nea res t -ne ighbor  i n t e r -  
act ions .  The a tomic - in t e r ac t ion  function chosen is the Lennard-Jones  potential  

tp = - -  A i r  6 + B 1P~. (19) 

Then Eq. (17) takes the fo rm 

h ~ 

The re la t ional  p a r a m e t e r s  a r e  calculated at  the equil_ibrium posi t ion 
I I I  IV ~ V I  g ,  = VII 

= : ~ ; P q % �9 
The sign of Eq. (20) depends on the p r o p e r t i e s  of  the forces  acting in the c rys ta l .  Calculation gives 

C(~)W harm,~ 5"SkZTZ (21) 
D ~ 
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Similar  calculations may be made for the TCLE. The corresponding contribution is proport ional  to 
-182F/S lOT,  which leads to the express ion  

(z(2)/aharm~__3k2T 2 -]-24g,/r ~- 12g,[3 6[-7- �9 (22) 

Substituting relat ional  pa r ame te r s  calculated f rom Eq. (19) into Eq. (22) gives 

a(2)/harm~ 14k2T---~ z (23) 
D z 

The co r rec t ion  obtained evident ly depends quadrat ical ly  on tempera ture .  Setting D = (2-4) �9 105 8J/mole,  which 
cor responds  to existing c rys t a l - l a t t i ce  energies ,  Eqs. (21) and (23) for T = 1000~ give the resul ts  

(o) _harm (24) C~- /6"~ ~-.(1 --0.25) %, a(z'/~arrn~ (3 -- 1)%. 

The calculations show that at sufficiently high t empera tu res  these quadratic anharmonic contributions 
may be significant. 

NOTATION 

F, free energy of crystal; Fharm , harmonic part of free energy; H0, Hamiltonian of system of harmonic 
oscillators; ~c~, eigenfunetions of operator H0; g, dimensionless parameter; r n-th derivative of potential 

iik... 

energy with r e spec t  to displacement;  0>3, ~4, etc. ,  anharmonic par ts  of potential  energy in expansion in powers 
of the displacement ;  e,  mean phonon energy;  w, phonon frequency;  fi, mean number of phonons in the given 
state;  b k, b +k, annihilation and creat ion opera tors  for phonon (k, k); ~anm-= <nI~Im), mat r ix  e lements  of ~4 with 
functions q(~; h',  Planck 's  constant;  T, absolute t empera tu re ;  k, Bol tzmann's  constant; S, n u m b e r o f a t o m s  in 
unit cel l ;  N, number  of ceils  in c rys ta l ;  k, phonon wave vec tor ;  k, index charac te r iz ing  the number of v ib ra -  
tional branches (acoustic or  optical) in the polar izat ion direct ion;  e~(k, ;~), i-th component of polar izat ion 

m rad ius -vec to r  cha rac te r i z ing  the position of vec to r  e of p-th branch;  5kk,, 'hkk', e tc . ,  Kronecker  deltas;  R ~ ,  
the #-th atom in the m-th  cell  of the c rys ta l ;  M#, My, etc. ,  atomic masses ;  cp I ,  CpIr I ,  etc. ,  f i r s t ,  second, and 
subsequent der ivat ives  of ~p with r e spec t  to the distance r ;  (p, a tomic- in te rac t ion  function; A, B, coefficients 

: . . na rm 
charac te r iz ing  a t t rac t ion and repulmon; Cv, spee lhe  heat; Cv , harmonic specif ic  heat; a ,  TCLE; a h a r m  
quasiharmonic  approximation to TCLE; l, in tera tomic  distance in l inear  chain; D, sublimation energy per  atom. 
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