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AND THERMAL EXPANSION OF CRYSTALS
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A study is made of the anharmonic terms with a quadratic temperature dependence which
appear in the specific heat and thermal expansion of crystals at high temperatures.

In studying thermophysical properties of solids such as the specific heat and the temperature coefficient
of linear expansion (TCLE), it is necessary to take into account anharmonic terms in the free energy. This_
problem was first considered in [1, 2] and also in [3], where a similar calculation was made for the terms 4>3
and d>4 leading to a linear temperature dependence of the specific heat. At temperatures comparable with the
melting point (Tzz/:’Tmelt), it is necessary to take into account anharmonic terms of higher order.

The present work considers contributions to the specific heat and TCLE that depend quadratically on the
temperature.

The Hamiltonian of a system of anharmonic oscillators is written in the form
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The statistical sum for the crystal is
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The method used for the expansion of Z in terms of perturbations is that proposed in [4, 5]. Since W is
proportional to the number of particles N, it is expedient to expand ln Z in powers of W, where
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The calculation is in accordance with perturbation theory In the first order the terms &, and 3, nge a nonzero

ggnt_r_‘_xbutmn to the free energy; in the second order, & and <I>4 are the significant terms; in the third order,
®}- &,; and in the fourth order, (8% and 3. According to [6], the contribution due to &, is
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The quasiharmonic mean 56 is also easily calculated, although the computations are slightly more cumbersome.
For &g, by definition
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The creation and annihilation operators conform to the permutation rule
(6, B = Sucbiar, 16K, B = 16, 6141 = 0. ()
Nonzero contributions to the mean & are made by terms with an equal number of creation and annihilation

operators. Hence it is necessary to consider the triad-equality conditions for the six indices k, k', k", k™, k
and kY.
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If all the creation operators in Eq. (5) are written in front of the annihilation operators, the result, taking
into account Eq. (6), is 15 triad-equality conditions for the indices (k=—k"™, k'=—kIV, k"=—kV, etc.)

The contributions are of the form
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Summing the contributions (taking into account the triaﬂ permutations of the indices) gives
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The final result is of the form
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Now consider second-order perturbation theory. For g% [6]

_ Kk k” s ow ” ' o
F ((D2) _ 1 N D |2 3ee’e” - ego0 | 3 2e4e'e” —ee'eq — g48080
3} = 488_1\/— Y - 7 3 T ; 7 7 »
e (oo'o”) & -+ €0+ &0 € i~ €0 — &g
ARTA”

(8)

where e=e(w, T); e'=e(w', T); e"=e(w?, T); £4=h'w/2; €f=h'w'/2; 85’=§1'w"/2.
Using Eqs. (3) and (4) it is possible to obtain the result
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On the basis of Egs. (2) and (3) the contribution due to -civ? may be written in the form
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Then, from Eqgs. (10) and (11)
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In the third order, Eqgs. (4) and (8) give
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The fourth-order contributions are
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The free energy can be written in the form
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The third and fourth terms in Eq. (16) are linear functions of temperature (at high temperature) and the sub-
sequent terms give quadratic contributions to the specific heat and TCLE. The terms F(®) and F(<I>4) make the
main contributions. In the limiting case of high temperatures (¢ =kT), the quadratic contribution to the specific
heat is
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The relational parameters are [7]
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The sum over the wave vectors may be calculated approximately using a particular model of the forces acting
in the crystal (central forces, for example, or nearest-neighbor interactions).

To estimate the order of magnitude of the results, consider a linear chain with nearest-neighbor inter-
actions. The atomic-interaction function chosen is the Lennard-Jones potential
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Then Eq. (17) takes the form
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The relational parameters are calculated at the equilibrium position
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The sign of Eq. (20) depends on the properties of the forces acting in the crystal. Calculation glves
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Similar calculations may be made for the TCLE. The corresponding contribution is proportional to
—18%F /519 T, which leads to the expression
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Substituting relational parameters calculated from Eq. (19) into Eq. (22) gives
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The correction obtained evidently depends quadratically on temperature. Setting D=(2-4) - 10° 8J/mole, which

corresponds to existing crystal-lattice energies, Egs. (21) and (23) for T=1000°K give the results
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The calculations show that at sufficiently high temperatures these quadratic anharmonic contributions
may be significant.

(23)

NOTATION

F, free energy of crystal; Fparme harmonic part of free energy; Hy, Hamiltonian of system of harmonic
oscillators; ¥, eigenfunctions of operator Hy; g, dimensionless parameter; mﬁﬁflif n-th derivative of potential
ijk...

energy with respect to displacement; &;, &,, etc., anharmonic parts of potential energy in expansion in powers
of the displacement; £, mean phonon energy; w, phonon frequency; i, mean number of phonons in the given
state; bl{, b+k, annihilation and creation operators for phonon (k, A); &;nm = (n|&/m), matrix elements of &, with
functions ¥y ; h', Planck's constant; T, absolute temperature; k, Boltzmann's constant; 8, number of atoms in
unit cell; N, number of cells in crystal; k, phonon wave vector; A, index characterizing the number of vibra-
tional branches (acoustic or optical) in the polarization direction; e{‘ (k, A), i-th component of polarization
vector e of u~th branch; ki1, dxn, etc., Kronecker deltas; Rzn, radius-vector characterizing the position of
the p~th atom in the m-~th cell of the crystal; M, My, etc., atomic masses; q)%., w{}, etc., first, second, and
subsequent derivatives of ¢ with respect to the distance r; ¢, atomic~interaction function; A, B, coefficients
characterizing attraction and repulsion; Cy, specific heat; Cy r , harmonic specific heat; o, TCLE; pharm
quasiharmonic approximation to TCLE; [, interatomic distance in linear chain; D, sublimation energy per atom.
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